A combined theoretical and experimental investigation has been carried out on the effects of certain types of local axisymmetric imperfections on the buckling of cylindrical shells un der axial compression. Buckling loads have been calculated for a variety of "dimple" imper fections. Results have been obtained for constant thickness shells with middle surface variations from the geometry of a perfect cylinder as well as for shells with local axisymmetric thickness variations. Nonlinear prebuckling elrects and edge conditions are taken into ac count. In the experimental program a series of seven photoelastic plastic circular cylindrical shells each containing a local axisymmetric dimple centered at mid-length were tested under pure axial compression. All cylinders were constructed by the spin-casting technique and the local imperfection was cut on both the inner aud outer walls using a hydraulic tracer-tool apparatus in conjuuction with a metal template. A broad range of imperfection amplitudes and wavelengths was investigated. The experimental results were in good agreement with the theoretical predictions.
T HE presence of shape imperfections in circular cylindrical E = modulus of elasticity shells subjected to axial compressive loading has now been L shell length recognized as the dominant factor in reducing the buckling l~ = axial half wavelength of dimple load significantly below the classical value. Although the I, = 11"[12(1 -1'2)]-1I4(Rt)1I2; half wavelength of classical axi effects of end constraint do lower buckling loads, it has been symmetric buckling mode shown both theoretically' and experimentally-that the R = shell radius measured to the middle surface t = shell wall thickness clamped case, which is perhaps most often encountered in wavelength, and could be accurately predicted using Koiter's /) = peak amplitude of axisymmetric middle surface imperfec extended theory. symmetric imperfection. Their formula is an asymptotic one which is valid for sufficiently small imperfections in much the same way as is Keiter's formula for a sinusoidal axisymmetric imperfection.w.!' The initial axisymmetric imperfection Wo in the middle sur face (assumed to have a continuous slope) of a cylinder of con stant thickness t enters into the buckling formula through 
Of primary interest here is a "cosine dimple" defined by
so that l" is the half length of the dimple. In this case, (4) where
The maximum reduction in the buckling load, for a given im perfection amplitude-thickness ratio o/t, occurs when (::l ~ 0.8
with Li about 5% larger than Eq. (5).
Numerical calculations have also been carried out for finite length shells with the cosine dimple, Eq. (3), symmetrically located with respect to the ends of the shell as shown in Fig. 1 . The calculation procedure, which has been described in Ref. 3 , takes into account end effects and nonlinear prebuckling de formations. The prebuckling problem and the reduced eigen value problem are both obtained without approximation from a Karman-Donnell-type shell theory. Resulting ordinary differential equations are cast in finite difference form and solved by a Gaussian elimination method usually referred to as Potters' method. Clamped end conditions are chosen for all the results presented here since they pertain most closely to those in the testing program. Only the absolute value of the imperfection ampli tude enters into the asymptotic formula and thus the curve shown holds for inward and outward dimples. On the other hand, the numerical results bring out some difference between the buckling load for a bulge (curve A) and a pinch (curve B) with the latter having the more degrading effect. Agreement between the asymptotic formula and the numerical results is quite good except, of course, for extremely small imperfection amplitudes in which case end effects dominate the buckling behavior of finite length shells. The length parameter Z for these shells was taken to be 300, so that for all practical purposes the buckling load is independent for values of Z in this range and greater. (All calculations were made with 120 finite difference stations over the half length of the shell and isolated results were checked using 250 stations.)
Effects of local thickness variations are illustrated by the results presented in Fig. 3 . These results were also obtained numerically in the manner described previously and detailed further in Ref. 3 . For both the lowest and uppermost curves the thickness variation is given by
with either the inner or outer wall unperturbed as shown. Thus, this variation gives rise to exactly the same initial mid dle surface variation as described by Eq. (3). It is not sur prising that a shell which has both an inward middle surface variation and a reduction in its thickness buckles at a load considerably below a constant thickness shell with an identical middle surface variation. Even a thickening of the shell, as indicated by the uppermost curve, results in a small reduction in the buckling load if olt is sufficiently small.
Localized dimples in constant thickness cylindrical shells have an effect which is somewhat less severe than a sinusoidal axisymmetric imperfection. Almrotht! has made the same observation on the basis of his studies of the effects of axi symmetric imperfections on cylindrical shells. Axisymmetric dimple studies of conical shells lead to similar conclusions.Pv'!
Experiment-Fabrication and Test Procedure
All test cylinders were made by the spin-casting techniques using a photoelastic liquid epoxy plastic. Initially, a geo metrically near-perfect circular cylindrical shell was cast and the inner wall machined to the prescribed profile with an axi symmetric dimple centered at mid-length. Subsequently, the cylinder was removed from the form and thickness mea surements were made at discrete points around the circum ference at both ends of the shell. Machined aluminum end plates were then attached to the test cylinder to provide the clamped edge constraint. To obtain a constant thickness shell, the outer surface was machined to the same profile as the inner wall by inserting into the cylinder a ring stiffener located at the dimple to reinforce the shell wall during the machining stage. Each imperfection shape was constructed using a metal template containing the desired amplitude and wave length in conjunction with a hydraulic tracer-tool apparatus. In order to determine the actual inner and outer shell wall profile, each model was placed in a rotation apparatus (Fig.  4) and axial contours were obtained using two low pressure, linear contacting displacement transducers, with their outputs recorded on an x-y plotter. Figure 5 illustrates median sur face profiles determined from two of the test cylinders. It is quite evident that the dimples are axisymmetric i.e., little circumferential variation, and centered at mid-length. A comparison of the dimple shape with the assumed wave form given by Eq. (3) is shown in Fig. 6 using a randomly selected generator from each test cylinder. It can be readily seen that the assumed and actual profiles are in excellent agreement. A summary of the shell properties is contained in Table 1 . Of particular significance is the difference in values between the average shell wall thickness [ and the average shell wall thick ness measured only over the dimple area, denoted by r:
This variation appreciably affects the values of X'" IX" fJ. and {3 which are used in the comparison with the exact model results, as will be discussed later.
The final stage of the test procedure involved the proper alignment of the cylinder in an electrically driven, four-screw compression machine. Uniformity of the applied stress was easily checked by examining photoelastically the membrane stress distribution around the circumference of the cylinder and finally, by noting the postbuckled configuration of the cylinder. Complete circumferential buckling centrally lo cated either in the dimple (one tier) or bounding the dimple (two tiers) attested to the uniformity of the load distribution. To serve as a reference shell, a geometrically near-perfect
Fig. 5 Profiles of the median surface of circular cylin Fig. 6 Typical profiles of the median surface of circular drical shells of constant thickness containing axisym cylindrical shells of constant thickness containing axisym metric dimple imperfections in shape.
metric dimple imperfections in shape. are based on 1* cylinder was tested in axial compression to determine the mod ulus of the elasticity of the epoxy plastic used in the test series, and at the same time, provide a measure of the load reduc tion due to the clamped edge constraint common to each shell. In total, seven cylinders of varying imperfection wavelength and amplitude were studied (refer to Table 1), the results of which are discussed in the next section.
Discussion of Experimental Results
A comparison of shell buckling data for shells with inward dimples and theoretical predictions from both the asymptotic formula [Eq. (2)] and the numerical calculations is made in Fig. 7 . The theoretical curves have been obtained using lrlle = 1.06 which is the average of the corresponding values for the three test specimens. As alluded to previously, the average wall thickness i", which was measured only over the dimple area defined by [z] ~ I r , was used as the reference thickness in calculating the buckling loads. Justification of this step rests on the argument that buckling is a local phe nomenon governed by the dimpled region. In any case, the discrepancy between the average shell thickness I and the local average l* was less than five percent in every shell but one as listed in Table 1 . All the test specimens faU in the range in which the numerical predictions are essentially in dependent of the shell length.
The agreement between test and theory, particularly with the numerical results, is very good, especially so considering the long history of discrepancy between test and theory for such structures. Equally good comparisons have recently been obtained for the effects of sinusoidal imperfections."
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O. The asymptotic formula shows the same general trend as the numerical results. Namely, when the ratio lrlle is a factor 3, say, greater or less than unity, the effect of the imperfection is much less than at the critical value of lrlle. The experiments show this very clearly.
Conclusions
Based on the local shell geometry in the region of the axi symmetric dimple, experimental buckling loads were found to be in rather good agreement with numerical calculations using an exact model formulation including the effects of a clamped edge constraint and arbitrary imperfection amplitudes and wavelengths. The asymptotic formula of Amazigo and Bud iansky specialized to the cosine dimple, gives quite reasonable predictions for values of the imperfection-thickness ratio even as large as 0.5. In the critical wavelength range (i.e., 0.5 :::; lxlle :::; 1.5) it is conservative. In general, for the axisym metric dimple profile considered, buckling load reductions are not as severe as compared to a sinusoidal distribution ex tending over the entire cylinder length. However, it is quite apparent that very small axisymmetric dimple imperfections drastically reduce the buckling load of a circular cylindrical shell in axial compression.
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